Mechanical rotation and oscillation have far lower frequencies than light, and thus the mechanical motion and light are not coupled to each other conventionally. In this paper, we propose that a torsional mechanical oscillation of an optical cavity can be coupled to the optical modes when a birefringent medium is introduced in the cavity. There are two kinds of modes inside the birefringent cavity, ordinary ray and extraordinary ray modes. Twisting the cavity mixes these two modes and changes the electromagnetic energy stored inside the cavity. We derive torsional optomechanical Hamiltonian by quantising the cavity electromagnetic energy and the torsional mechanical oscillation. We also analyse photon polarisation dynamics in the optomechanical cavity by the quantum master equation approach to find the decoherence induced by the torsional oscillation.
Introduction.-Radiation force, which is discovered by Nichols and Hull [1, 2] more than 100 years ago, is one consequence of the interaction of light with mechanical degrees of freedom. Momentum per photon is so small (e.g., for visible light, p = |k| ≈ 10 −27 kg · m/s), and the momentum transfer rate from photon to matter is also low in free space. This is because the frequency of light (∼ 10 15 Hz) is much higher than that of mechanical oscillation (∼ 10 9 Hz), and the mode volume of light is quite different from that of mechanical oscillation. Therefore, large photon flux is necessary to drive a macroscopic object by radiation force, but high-intensity light source was not available at that time, and it was difficult even to detect the radiation force. However, the invention of the laser pioneered the research field of optical trapping and manipulation that micro-or nano-particles can be optically manipulated by utilising the radiation force [3, 4] , and thus the technique of optical manipulation has been applied not only in physics but also in a wide range of scientific fields such as chemistry and biological science [5] .
Recently, it is realised that photon and quantised mechanical oscillation are coupled to each other by confining both of them in a so-called optomechanical cavity [6] . However, to the best of our knowledge, there is neither theoretical nor experimental work on coupling between mechanical twist and optical field in optomechanical systems, which would be a quantum optical counterpart of radiation torque discovered by Beth [7, 8] .
In this paper, we propose a new optomechanical interaction where two polarisation states in an optical cavity effectively behave as a two level system and interact with torsional mechanical motion of the cavity. We consider an optical cavity filled with an anisotropic medium and twisting the cavity (see FIG. 1 ). Coordinate transformation associates the laboratory frame with a frame attached to the twisted cavity. By utilising the transformation, we can obtain the permittivity tensor in the lab-oratory frame and calculate the electromagnetic energy of the twisted cavity. Quantisation of the total energy, including the mechanical energy of the torsion, yields our torsional optomechanical Hamiltonian. We use the Gaussian unit and omit the time-dependence factor e −iωt for convenience throughout this paper. Permittivity tensor of a twisted uniaxial medium.-In the frame attached to the twisted cavity, the permittivity tensor of the twisted uniaxial medium is
where u ′ i is the unit vector in the i ′ direction in the twisted frame. In order to get the expression of the permittivity tensor in the laboratory frame, we consider a coordinate transformation,
Here, u i is the unit vector in the i direction in the laboratory frame, and we have used a rotation matrix,
where θ = θ 0 y/L is the twisted angle at the position y. Substituting (2) into (1), we obtain the permittivity tensor in the laboratory frame,
Up to the first order of θ, we can expand
Mann matrices, and we have set δǫ ≡ ǫ e − ǫ o > 0. We regard δǫΛ 4 θ as a perturbation. Eigenmodes and eigenvalues.-We derive eigenmodes and corresponding eigenvalues in the uniaxial cavity so as to calculate electromagnetic energy stored in the cavity. From the Maxwell's curl equations [9] , we can get
where the unperturbed part is
The perturbed part is responsible for the interaction between torsion and electromagnetic field. We work in the reciprocal space and multiply the unperturbed equation by the inverse of the square root of the permittivity tensor from left-hand side to obtain an modified eigenvalue equation,
We can easily solve this Hermitian eigenvalue problem to obtain the eigenmodes and corresponding eigenvalues in the uniaxial cavity,
where we have defined
We have three eigenmodes: longitudinal, ordinary ray, and extraordinary ray modes. The longitudinal mode always exists at zero frequency, and it does not contribute to the dynamics of the system. The ordinary and extraordinary ray modes are well-known optical modes in uniaxial media [9] . The eigenmodes are orthogonal to each other because of the Hermiticity of the eigenvalue problem, and we normalise the electric field by the volume of the system V so that the mode functions satisfy
Torsional optomechanical Hamiltonian.-By calculating the electromagnetic energy in the twisted cavity and by quantising it, we can reach our torsional optomechanical Hamiltonian. The electromagnetic energy is obtained by integrating the volume density [10] ,
where g = (8π) −1 is a Gaussian unit factor. By substituting our permittivity tensor (5) into (14), we get an 'bare' electromagnetic energy, which is the energy without torsion, and an 'interaction' energy between electromagnetic field and torsion,
Here, we have set µ = 1l. We perform the eigenmode expansion of the electric field in the cavity and consider the two lowest energy modes,
where the wavevectors and frequencies of E o,e are given by
respectively. Here, we have defined n o,e = √ ǫ o,e . We substitute (16) into (15) to have the explicit expression for the interaction energy in our system,
We quantise the electromagnetic field following the standard procedure [11] ,
where we can find a correspondence,
Here,â σ is the bosonic annihilation operator, which annihilate a photon in the mode labeled by σ and satisfies the commutation relation [â σ ,â † σ ′ ] = δ σ,σ ′ , and the frequency ω σ is given in (18). We also quantise the torsional mechanical oscillation by following the standard quantisation scheme of a harmonic oscillator [12] ,
Here, these annihilation and creation operators satisfy [b,b † ] = 1, andQ andP are position and canonical momentum operators, respectively. Finally, we obtain the second quantised interaction Hamiltonian,
as well as the bare Hamiltonian of the electromagnetic fieldĤ
and that of the mechanical oscillation
where ω 0 is a eigenfrequency of the twisting oscillation. For simplicity, we have ignored the vacuum fluctuation energy here. Finally, we have the torsional optomechanical Hamiltonian by summing up all the contributions,
The energy level diagram is shown in FIG. 2. The extraordinary ray mode can transit into the ordinary ray mode by absorbing a twisting oscillation quantum, and the ordinary mode relaxes to the extraordinary mode emitting the twisting oscillation. Photon polarisation dynamics in a torsional optomechanical cavity.-Two different polarisation states, the extraordinary ray and ordinary ray modes, can be described by an effective two level system coupled to mechanical oscillation via the torsional optomechanical interaction (24). Then, we can replacê whereσ z is corresponding Pauli matrix, and we have defined ∆ω = ω o − ω e andσ ± = (σx±iσy) 2
. Note that we work in the unit = 1 in this section. We get
where
is the coupling coefficient given in (24). Here we have ignored the antiresonance terms G(σ +b † +σ −b ) with the help of the rotating wave approximation [13] .
In general, the torsional oscillation has a lifetime, and thus the peak in the spectrum of the mechanical oscillation has a finite width. In other words, the spectrum is continuous and peaks at the eigenfrequency of the oscillation. This means that there are many other modes around the eigenfrequency. Hence, in this section, we consider not only a single mode but many modes of mechanical oscillation couple to the photonic modes in the cavity. We label each mode by its frequency ω. The Hamiltonian becomeŝ
By tracing out the mechanical oscillation degree of freedom in the weak coupling limit, we obtain the Lindblad master equation [13] ,
which describes the photon polarisation dynamics in the twisted optical cavity. Here, n(∆ω) = 1/(e β∆ω − 1) is the average number of bosons at the frequency ∆ω and the inverse temperature β, γ = 2π {G(∆ω)} 2 is a decay coefficient, and δ is a frequency shift induced by thermal and zero-point fluctuations of the mechanical modes,
where P means the principal value of the integration. The density operator is a 2 × 2 matrix whose diagonal elements correspond to the photon population in each mode and offdiagonal elements represent the coherence between the two modes. In FIG. 3, we show the photon polarisation dynamics in the twisted optomechanical cavity. We prepare a photon in the diagonal polarisation state inside the cavity, which is a coherent superposition of the ordinary ray and the extraordinary ray modes. The corresponding initial value of the density matrix iŝ
According to the master equation, the diagonal elements of the density matrix converge to steady state values,
while the offdiagonal elements decay towards zero. From these observations, the photon experiences the decoherence (depolarisation) and ends up with an incoherently mixed state.
FIG. 3. Population and coherence dynamics of the effective two level system. As an initial state, we prepare a diagonally polarised photon in the cavity (33). As time goes by, the offdiagonal elements of the density matrix decay to vanish, while the diagonal elements converge to finite values. Here we use refractive indices of quartz (no = 1.547, ne = 1.556) and set T = 300 K and cavity length L = 10 −4 cm.
Conclusion.-The frequency of light is far from that of mechanical oscillation, and thus they do not interact with each other conventionally. However, by introducing a birefringent crystal into a twistable cavity, we can split the degenerated orthogonal linear polarisations, which behave as an effective two level system, and make it possible for them to interplay with the mechanical oscillation via permittivity tensor modulation by torsion.
Starting from the electromagnetic energy density in the twisted birefringent cavity, we derived torsional optomechanical Hamiltonian which describes the interaction between torsional oscillation of the cavity and optical modes in it. We also tracked the dynamics of photon population in the torsional optomechanical cavity with the Lindblad master equation to find the decoherence of the photon polarisation.
Our proposed scheme will twist optomechanical systems into devices which interconvert between optical and mechanical angular momenta in arbitrary frequency range.
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